The aim of this work is to analyze the ability of modulated photothermal radiometry to retrieve the thermal diffusivity and the optical absorption coefficient of layered materials simultaneously. First, we extend the thermal quadrupole method to calculate the surface temperature of semitransparent multilayered materials. Then, this matrix method is used to evaluate the influence of heat losses by convection and radiation, the influence of the use of thin paint layers on the accuracy of thermal diffusivity measurements, and the effect of lateral heat diffusion due to the use of Gaussian laser beams. Finally, we apply the quadrupole method to retrieve (a) the thermal contact resistance in glass stacks and (b) the thermal diffusivity and optical absorption coefficient depth profiles in heterogeneous materials with continuously varying physical properties, as is the case of functionally graded materials and partially cured dental resins.
I. INTRODUCTION
Photothermal radiometry (PTR) is a nondestructive remote sensing technique that has been widely used to measure the thermal diffusivity of homogeneous samples. Since the seminal work by Mandelis and co-workers, 1 modulated PTR has also been used for thermal conductivity depth profile reconstruction of heterogeneous samples as case (surface) hardened steels, [2] [3] [4] [5] [6] [7] functionally graded materials, 8 and partially cured dental resins. 9 In the last years, two works dealing with the application of modulated PTR to the simultaneous reconstruction of the in-depth varying absorption coefficient (a) and thermal diffusivity (D) of semitransparent heterogeneous samples have been published. 10, 11 The aim of this work is to study the capability of modulated PTR to obtain simultaneously a and D in multilayered materials. First, we apply the thermal quadrupole method to calculate the surface temperature of layered semitransparent materials. The thermal quadrupole method is a unified exact method for representing linear systems. It has been applied in the framework of heat conductive transfer to calculate the surface temperature of opaque multilayered samples 12 and to calculate the combined radiative and conductive heat transfer in semitransparent bulk materials. 13 Here, we extend this elegant matrix method to express the surface temperature of multilayered semitransparent samples in a compact manner. Plane and Gaussian illuminations are studied. We focus on the following issues: (a) the influence of heat losses by convection and radiation in the modulated PTR signal, (b) the influence of the thin paint layers, that are used to increase the light absorptivity and infrared emissivity, on the accuracy of the thermal diffusivity measurements, using modulated PTR, (c) the effect of lateral heat diffusion due to the use of Gaussian laser beams, and (d) the retrieval of the thermal contact resistance in glass stacks. Modulated PTR measurements confirm the validity of the model.
Finally, we address the simultaneous reconstruction of a and D depth profiles in heterogeneous materials with continuously varying physical properties. These materials are modeled as stratified ones made of a large number of parallel layers, each one characterized by constant a and D. In this work, sigmoidal a and D profiles are studied, although similar results are obtained for exponential profiles. The procedure is as follows: (a) we calculate the amplitude and phase of the surface temperature for a given a and D sigmoidal profile using the thermal quadrupole method with a large number of layers, (b) then, we add a white uniform noise to these amplitude and phase values to simulate experimental data, and (c) finally, we apply a nonlinear-regularized minimization with a total variation (TV) penalty term 14 to reconstruct the a and D depth profiles using a different number of layers in order to avoid inverse crime, i.e., an excessively optimistic accuracy of the reconstructions. 15 The quality of the reconstructed thermal and optical depth-varying properties indicates the promising possibilities of this procedure.
II. THEORY
In this section, we develop the thermal quadrupole method for semitransparent materials. Modulated plane and focused illuminations are considered.
A. Modulated and plane illumination
Let us now consider the semitransparent multilayered sample depicted in Fig. 1 
where q i ¼ ffiffiffiffiffiffiffiffiffiffiffiffi ix=D i p is the thermal wave vector and
Þ is the heat source. I i is the incident light intensity reaching layer i that, in the absence of internal reflections, is given by
Þ . The solution of Eq. (1) is usually expressed by exponential functions 16 
T i ðzÞ ¼
where A i and B i are constants obtained from the boundary conditions and
However, when dealing with the thermal quadrupole method, it is more convenient to use hyperbolic functions:
where / is the heat flux. By applying Eq. (4) at the front (z i ) and rear (z iþ1 ) surfaces of layer i, a matrix relationship between temperature and heat flux at both surfaces is obtained:
where
, and
According to Eq. (5), the temperatures at the front and rear surfaces of layer i can be obtained provided the heat fluxes at its surfaces are known. Note that, if the layer is opaque, then
B. Modulated and focused illumination
Now, we study the same semitransparent multilayered sample as in the previous subsection, but illuminated by a modulated and focused laser beam of Gaussian profile. According to the radial symmetry of the problem, the twodimensional (2D) heat diffusion equation for each layer writes
Þ is the heat source. P i is the incident power reaching layer i that, in the absence of reflection, is given by
Þ and a is the laser beam radius (at 1/e 2 of the intensity). The solution of Eq. (6) is obtained by using the Hankel transform 17 T i ðr; zÞ ¼
where T i ðd; zÞ is the Hankel transform of the temperature, J o is the Bessel function of zeroth order and b
and B 0 i are constants obtained from the boundary conditions, and
For the sake of convenience, we will use hyperbolic functions instead of exponentials when applying the thermal quadrupole method: where / i ðd; zÞ is the Hankel transform of the normal heat flux.
By applying Eq. (9) at the front (z i ) and rear (z iþ1 ) surfaces of layer i, a matrix relationship between Hankel transforms of the temperature and heat flux at both surfaces is obtained:
where a
Note that, if the sample is opaque,
According to Eq. (10), the Hankel transform of the temperatures at the front and rear surfaces are obtained provided the Hankel transforms of the normal heat fluxes are known.
By comparing Eqs. (5) and (10), one can realize that the expressions for the 1D temperature and the Hankel transform of the 2D temperature are the same, provided the following changes are performed:
Accordingly, in the remaining of this theoretical analysis, we will only explicitly refer to the plane illumination.
For an anisotropic sample, for which the heat propagation is three-dimensional, one can proceed in a similar way, but using the Fourier transform instead of the Hankel transform. Moreover, by applying the inverse Laplace transform to the modulated solutions given by Eqs. (5) and (10), the temperature rise of the sample above the ambient due to a transient illumination (Dirac pulse, step-like pulse, …) can be directly obtained.
C. A homogeneous slab
Let us start by considering the simple case of a slab of thickness L illuminated by a plane and modulated light beam of intensity I 1 . If the sample is adiabatically isolated from its surroundings, /ð0Þ ¼ /ðLÞ ¼ 0 and the matrix expression relating the temperature at the sample surfaces writes
Note that, in these calculations, the multiple reflections of the incident light beam have not been considered. If heat losses are present, the heat fluxes at the front and rear surfaces are, respectively, /ð0Þ ¼ Àh f Tð0Þ À K g q g Tð0Þ and /ðLÞ ¼ h r TðLÞ þ K g q g TðLÞ, where h f and h r are the combined heat transfer coefficients by radiation and convection at the front and rear surfaces, respectively. The last term in each expression is the heat flux by conduction to the surrounding gas, which is proportional to the surface temperature, since the gas is considered infinitely thick. According to Eq. (5), the matrix expression relating the temperature at the sample surfaces can be written as
where subscript g stands for the surrounding gas. As can be seen, the influence of conduction to the gas and convection and radiation are separated in independent matrices. Figures 2 and 3 show the influence of heat losses on the surface temperature. In all the calculations, the following parameters have been used:
, which is a good upper estimation for room temperature measurements. 18 Two normalization procedures have been analyzed. In the case of self-normalization, the ratio of the front and rear surface temperatures is considered: T n ¼ TðLÞ=Tð0Þ. This is a suitable method for thin slabs. In Fig. 2 , the natural logarithm of the self-normalized temperature amplitude, Ln(T n ), and its phase, W(T n ), are plotted against ffiffi ffi f p . Calculations have been performed for a semitransparent slab with the following parameters:
. The dotted lines correspond to the effect of heat losses. As it is well known, the effect of heat losses is stronger at low frequencies and for poor thermal conductors. 19 However, in self-normalization, both Ln(T n ) and W(T n ) converge to zero at low frequencies and, therefore, the effect of heat losses is almost negligible.
The second normalization procedure consists of comparing the sample temperature at the front surface to that of a reference: T 0 n ¼ Tð0Þ=T ref ð0Þ. In Fig. 3(a) . The dotted lines correspond to the deviation due to heat losses. As can be seen, only at frequencies below 0.1 Hz must the influence of heat losses be taken into account. Note that, in absence of heat losses, the amplitude of T 0 n is equal to e ref /e ¼ 0.566, where e ¼ K= ffiffiffi ffi D p is the thermal effusivity and W(T 0 n ) ¼ 0. This means that, if the sample and the reference are thermally thick, only the thermal effusivity of the sample can be obtained.
In Fig. 3(b) , we show the same calculations as in Fig. 3(a Finally, in Fig. 3(c) , we show the same calculations as in Fig. 3(b) , but for semitransparent sample and reference, with a ref ¼ a ¼ 3 mm À1 . As can be seen, the information on the optical properties appears at frequencies higher than 0.1 Hz, where the effect of heat losses is negligible.
As the effect of heat losses is only significant below 0.1 Hz and most experimental measurements with modulated PTR are performed at frequencies above this limit, heat losses will not be considered in the remainder of the manuscript.
D. A multilayered material
The powerfulness of the matrix method is more evident when dealing with multilayered structures. We come back to the multilayered sample depicted in Fig. 1 . For the sake of simplicity, Eq. (5) can be expressed as
where H i is the input matrix, O i is the output matrix, M i is the thermal matrix, and P i is the optical matrix. To obtain a single matrix equation, relating temperature and heat flux at the front (z 
where (b) A thermal resistance R i,iþ1 is introduced to account for the lack of adherence between the layers i and iþ1. This means that the heat flux continuity still holds but there is a jump in temperature given by 
III. APPLICATIONS
As this paper deals with modulated and plane illumination, we first analyze the effect of using a Gaussian laser beam instead of a completely flat light source, i.e., the disturbing effect of 2D heat propagation. Simulations are performed for a stainless steel slab ( Fig. 4(a) , we show the self-normalized amplitude and phase as a function of the square root of the frequency. The continuous line corresponds to a plane light beam, and the dotted line corresponds to a Gaussian beam with a ¼ 5 mm. As can be seen, the influence of the lateral heat diffusion in the slopes and, therefore, in the thermal diffusivity of the steel sample is almost negligible. In Fig. 4(b) , we show the result of the normalization of the steel sample with a reference made of vitreous carbon (
. The continuous lines stand for a plane light beam, the dashed lines for a ¼ 10 mm, and the dotted lines for a ¼ 5 mm. Now, the influence of lateral heat diffusion is not negligible and, to retrieve the thermal properties of the steel sample accurately, the size of the laser spot must be included in the fitting procedure.
One of the applications of this matrix method is to quantify the effect of coating the sample surfaces with paint layers in order to increase the light absorption and the IR emissivity. In Fig. 5, we show ) using plane illumination. In the absence of the paint layers, continuous lines Ln(T n ) and W(T n ) are parallel straight lines from whose slope (m) the thermal diffusivity can be obtained:
. The presence of two 1 lm thick paint layers (open circles) produces an increase of the slope, leading to an underestimation of the thermal diffusivity of the material if the above equation is directly applied, i.e., using L ¼ L sample þ L paint . For 10 lm thick paint layers (crosses), even the parallelism of Ln(T n ) and W(T n ) is lost. This is the reason why we obtained smaller values of the thermal diffusivity of Ni and AISI-304 stainless steel than those found in the literature (see Table I in the first part of this paper). In Fig. 6(a) , we quantify the error in the thermal diffusivity of opaque slabs due to the presence of the thin paint layers as a function of the diffusivity of the sample. As before, the slope m ¼ ÀL ffiffiffiffiffiffiffiffiffi p=D p is used to calculate the thermal diffusivity, where L is the sum of the thickness of the sample and the thicknesses of the two paint layers. . In all the calculations, the ratio L= ffiffiffi ffi D p ¼ 0:5s 0:5 is kept constant. In this figure, it can be seen that, the further the thermal diffusivities of paint and sample, the higher the error on the obtained thermal diffusivity of the sample. Note that even a 1 lm thick paint layer can produce a significant error on thermal diffusivity measurements. Moreover, these calculations show that using a coating of higher/lower thermal diffusivity than that of the sample introduces an overestimation/underestimation on the retrieved sample diffusivity. In particular, paint layers must be avoided for accurate modulated PTR thermal diffusivity measurements of good thermal conductors. Anyway, it is surprising that, in the laser flash method, where the front surface of an opaque plate is illuminated by a brief light pulse and the temperature at the rear surface is recorded, the influence of the paint layers is almost negligible (see Fig. 6(b) ).
A second application is the characterization of the thermal contact resistance between layers. In Fig. 7 , we show by symbols the self-normalized PTR signal corresponding to a two-layer sample made of two neutral density filters (Edmund Optics, optical density 1.0) of the same thickness, L ¼ 1.04 mm, whose properties were measured in the first part of this paper (D ¼ 0.54 mm 2 /s, a ¼ 2.10 mm
À1
, and b ¼ 1). These modulated PTR measurements have been performed using the same experimental setup as in Part I of this work, using plane illumination. In order to vary the thermal contact resistance, a plastic layer with a centered hole of 2 cm of diameter was placed between the two glass slabs. Plastic films of the following thicknesses were used: 0 (no plastic film), 25 lm, 50 lm, and 75 lm. The glass slabs with the plastic films were pressed using two clips. The continuous lines correspond to the simultaneous fitting of Ln(T n ) and W(T n ) to Eq. (15) , with the thermal resistance R as the fitting parameter. As can be seen, the quality of the fitting is good, and the retrieved thermal resistances are 1 , these thermal resistances correspond to air layers of thickness 2.7 lm (no plastic film), 20 lm, 41 lm, and 60 lm, which are close to, but a bit below, the geometrical values. This underestimation could be ascribed to the real reduction of the air layer, since the clamping decreases the plastic film thickness.
Finally, we deal with the simultaneous reconstruction of D and a in materials with in-depth varying physical properties, as is the case of partially cured resins and functionally graded materials. 20 In this work, we present the results for sigmoidal a and D profiles, although similar conclusions have been obtained for exponential and oscillating profiles. The continuous lines in Fig. 8 show typical a and D in-depth profiles for partially cured dental resins. 11 Due to photopolymerization, the thermal diffusivity of the resin increases, while the optical absorption coefficient decreases, i.e., the material becomes a better thermal conductor and more transparent. In this process, the heat capacity is assumed to remain constant: qc ¼ 2.5 Â 10 6 Jm
. In the example of Fig. 8 , the curing process reaches about 0.3 mm. As can be seen, the shape of D(z) and a(z) are not exactly anticorrelated, in order to study the most general and difficult case (if we had the a priori information that they are completely anticorrelated, the problem would reduce to reconstruct one of them). In Fig. 9 , we show by symbols the normalized amplitude and phase of the surface temperature. A white uniform noise has been added to simulate the experimental data: 61% in amplitude and 60.25 in phase. The synthetic data have been obtained using the thermal quadrupole method, Eq. (14), using 1000 layers. Normalization is performed with a completely cured sample, i.e., D ¼ 0.40 mm 2 /s and a ¼ 2 mm
. In these calculations, the sample is assumed to be opaque to IR wavelengths. These synthetic data have been used to reconstruct the a and D profiles. The total variation (TV) method has been used, since it is more efficient to reconstruct steep sigmoidal shapes than Tikhonov regularization. Details of the inverse procedure are given in Ref. 21 . The continuous lines in Fig. 9 correspond to the best fitting of the synthetic data using TV method. On the other hand, the dots in Fig. 8 are the mean value of the reconstructed a and D profiles at each depth. The error bar is related to the different reconstructions obtained from different initial guesses. As can be seen, the quality of the reconstruction of both D and a is quite good, indicating the ability of photothermal techniques to retrieve not only the in-depth varying thermal properties, but also the optical properties.
IV. SUMMARY AND CONCLUSIONS
In this work, we have extended the thermal quadrupole method to semitransparent multilayered structures, including the cases of plane and focused illuminations. We have analyzed important experimental aspects, like heat losses, 2D propagation, and coating of the sample, that affect the values of thermal diffusivity and optical absorption coefficient obtained from PTR data. The analysis has been carried out, both when performing self-normalization and when using normalization with a reference sample. In self-normalization, the influence of both heat losses and 2D heat propagation is negligible. However, when using the normalization with a reference, both effects must be taken into account. On the one hand, heat losses are important only at frequencies below 0.1 Hz and, therefore, in most experimental conditions, their influence can be neglected. On the contrary, the effect of 2D heat propagation is more significant, and it can influence greatly the accuracy of the retrieved thermal and optical parameters. In order to overcome this issue, a laser with a top hat shape is the best option. Otherwise, 2D heat propagation must be used in the fitting procedure, where the size of the Gaussian beam must be included. The analysis also shows that paint layers as thin as 1 lm can significantly affect the thermal diffusivity of opaque materials obtained from PTR data in cases where the diffusivities of the coating and the sample are very different. For this reason, the use of very thin (nm thick) coating layers is advised, in case the optical absorption or IR emissivity of the sample needs to be improved.
Finally, the ability of the method to assess thermal resistances has been validated experimentally by evaluating the air thickness between two glasses from PTR data. The good agreement between the retrieved air gap thicknesses and the actual distance between glasses confirms the validity of the model. Moreover, the application of the method to retrieve simultaneously in-depth varying thermal diffusivity and absorption coefficient profiles from synthetic data has given very promising results. Experimental measurements on partially cured dental resins and on functionally graded materials are now in progress to verify the validity of the procedure. 
